We develop the scaled particle theory to describe the thermodynamic properties and orientation ordering of a binary mixture of hard spheres (HS) and hard spherocylinders (HSC) confined in a disordered porous medium. Using this theory the analytical expressions of the free energy, the pressure and the chemical potentials of HS and HSC have been derived. The improvement of obtained results is considered by introducing the Carnahan-Starling-like and Parsons-Lee-like corrections. Phase diagrams for the isotropic-nematic transition are calculated from the bifurcation analysis of the integral equation for the orientation singlet distribution function and from the conditions of thermodynamic equilibrium. Both the approaches correctly predict the isotropic-nematic transition at low concentrations of hard spheres. However, the thermodynamic approach provides more accurate results and is able to describe the demixing phenomena in the isotropic and nematic phases. The effects of porous medium on the isotropicnematic phase transition and demixing behaviour in a binary HS/HSC mixture are discussed.
Introduction
A study of the effects of disordered porous media on the isotropic-nematic transition in a fluid of rod-like particles or elongated rigid molecules is a topic of active research during the last decades due to the importance of such systems in numerous technological applications and because of special interest from the fundamental point of view.
1 For nematic fluids a porous medium can play a double role. A porous medium does not only confines a nematic fluid geometrically, but also induces a randomly oriented field, which constrains the orientation of fluid particles near a pore surface. The effect of such random field depends directly on the anchoring strength between fluid particles and a pore surface, and indirectly on the porosity. 2 Usually the starting point for the discussion of effect of this orientation field on ordering nematic phases is connected with so-called the Imry-Ma argument, 3 according to which even a low amount of static disorder leads to suppressing the nematic long-range order in continuous symmetry systems. However, it was found that an existence of the quasi-longrange order can be observed in nematics confined in disordered porous media. Probably for the first time such a possibility was discussed in 4 and it was also predicted by numerical simulations 5 as well as by a renormalization group approach.
6
In many investigations of the isotropic-nematic transition of nematogenic fluids in porous media is given at the phenomenological or semiphenomenological levels. One of the simplest model for the description of nematic ordering in unconfined lyotropic systems is the model of hard spherocylinders (cylinders capped on both sides by hemispheres). 7, 8 The first treatment of isotropic-nematic transition within this model was done by L. Onsager near seventy years ago. 9 The Onsager theory is based on the low-density expansion of the free energy functional truncated at the level of the second virial coefficient. This result is exact for the very specific The application of the scaled particle theory [10] [11] [12] provides the efficient approximate way to incorporate the higher-order density contributions neglected in the Onsager theory. The alternative way of improvement of the Onsager theory is the Parsons-Lee (PL) approach, 13, 14 which is based on the mapping of the properties of a spherocylinder fluid to those of the hard sphere model. During the last decades the approaches developed for a hard spherocylinder fluid in the bulk case has been generalized for the description of mixtures of different hard anisotropic particles. In such systems the new phases were observed and their properties were richer and more complicated than those for the one-component case depending on thermodynamic conditions, shapes and sizes of the components. The simplest example of such multi-component systems of hard anisotropic particles is a binary mixture of hard spheres (HS) and hard spherocylinders (HSC) for the description of which the corresponding approaches have been proposed. Among them there are the Onsager theory, 15, 16 Parsons-Lee approach, [17] [18] [19] scaled particle theory 20 and computer simulations. [17] [18] [19] 21, 22 The hard spherehard spherocylinder (HS/HSC) mixture is a simple model of a binary mixture of spherical colloids and macromolecular rod-like nematogens. It was noticed 22 that the properties of a HS/HSC mixture resulted from the balance between the entropic contributions of different nature. At low densities both the components are mixed in isotropic phase. At higher densities a HSC component forms the nematic phase, and due to a subtle balance between entropic contributions from the different components the demixing phenomena can take place, where the HSC and HS start to redistribute between nematic and isotropic phases.
21,22
In order to study fluids in a disordered matrix many different theoretical approaches [23] [24] [25] [26] have been developed within the model proposed by Madden and Glandt. 27 According to this model the porous medium is presented as a quenched disordered matrix of hard spheres.
Despite an intensive study of fluids confined in disordered matrices the developed approaches were numerical in their basis. The first attempt to obtain analytical results was done in, 28, 29 where the expressions for the chemical potential and pressure of a HS fluid confined in a hard sphere matrix were derived by extending the scaled particle theory (SPT). 30, 30, 31 From a subsequent improvement of the scale particle theory for a HS fluid in a hard sphere (HS) matrix the SPT2 approach was formulated in. 32, 33 Later on, the SPT2 approach for a HS fluid in a HS matrix was generalized for one-and two-dimensional cases, 34 for a fluid of hard convex body particles, 35 for a multi-component mixture of hard spheres in disordered matrices 36 and more recently for a hard spherocylinder fluid in disordered porous media.
37
The original SPT2 approach includes two parameters, which characterize the porosity of matrix. The first one defines a bare geometry of matrix. It is so-called the geometrical porosity φ 0 , which is equal to the ratio between the free volume not occupied by matrix particles and the total volume. The second parameter is so-called a probe-particle porosity, φ, and is determined by the chemical potential of a fluid in the limit of infinite dilution. This kind of porosity characterizes the adsorption of a fluid particle in a matrix, when other fluid particles are absent. The porosity φ is less than φ 0 , since it takes into account a size of fluid particle. A number of approximation were proposed within the SPT2 approach. 32 Among them the SPT2b approximation is considered as one of the most successful. It was shown that the results of SPT2b agree well with computer simulation data in a wide range of fluid densities.
32
Also it is worth mentioning that some time before we started our development of different schemes of the SPT2 theory for the description of HS fluids in disordered matrices, M. Schmidt 38 had proposed his approach by combining the replica trick 23 with the density functional theory, 39 hence he had developed the replica density functional theory for the description of the thermodynamic properties of HS fluids in disordered matrices. In particular, in 40,41 the Onsager theory was generalized for the description of a HSC fluid in a hard sphere matrix. In order to control the quality of the developed theories the corresponding Monte-Carlo computer simulations were performed in those studies.
Recently, the SPT2 theory was also extended for the description of a HSC fluid in disordered porous media. 35, 37 It was shown that the isotropic-nematic transition remains of the first order and a decrease of matrix porosity leads to the lowering of the density of HSC particles in the coexisting phases. The obtained theoretical results are in a good agreement with computer simulation data.
Despite more or less satisfactory knowledge about the phase behaviour of HS/HSC mixturse in the bulk, our understanding of the phase behaviour of this binary mixture is practically absent when it is confined in a disordered porous medium. This paper to the best of our knowledge is the first theoretical investigation of the effect of disordered matrix on the phase behaviour of a HS/HSC mixture. On the basis of our recent development proposed for a hard HSC fluid in a disordered matrix, 35, 37 we generalize the SPT2 theory 36 to describe thermodynamic properties and orientation ordering of a HS/HSC mixture.
The paper is arranged as follows. The theoretical part is presented in Section 2. The discussion of obtained results is given in Section 3. And finally we draw some conclusions in the last section.
Theory
We consider a binary mixture of hard spheres (HS) and hard spherocylinders (HSC), which is confined in a disordered porous medium represented by the matrix of hard spheres. In order to characterize particles of the considered mixture we use three geometrical parameters: the volume V of a particle, its surface area S and the mean curvature r taken with a factor 1/4π. 37 For the HS particles with the radius R 1 these parameters are
for the HSC particles with the radius R 2 and the length L 2
And for the HS matrix particles with the radius R 0 we have
SPT2 approach
The main essence of the scaled particle theory (SPT) is a calculation of the work needed to insert an additional scaled particle into a considered fluid system. A size of scaled particle is variable and in the case of HS particle it is defined by the scaling parameter λ s . Thus, the volume V 1s , the surface area S 1s and the mean curvature R 1s of a scale particle equal to
When we insert a scaled HSC particle with the scaling radius R 2s and the scaling length L 2s , in addition to the scaling parameter λ s , we introduce the scaling parameter α s in such a way that R 2s and L 2s are defined as [10] [11] [12] 
and consequently
Hereafter we use the conventional notations, 23, 27, 37 where indexes "1" and "2" are used to denote HS and HSC fluid components, respectively. The index "0" denotes matrix particles.
For HS and HSC scaled particles we use indexes "1s" and "2s", respectively.
By inserting a scaled particle into a system we produce a cavity, which is free of fluid particles. In the SPT theory we calculate the excess chemical potential of a scaled particle µ ex s , which in turn corresponds to the work needed to produce the corresponding cavity.
30,31,42
In the case of matrix presence we generalize the previous results for HS fluid 28, 29, 32, 33, 36, 43 and for fluid HSC 35, 37 to derive the expressions for the excess chemical potentials of a small scaled particles in a HS/HSC mixture in the following way:
Here β = 1/k B T , k B is the Boltzmann constant, T is the temperature, η 1 = ρ 1 V 1 is the packing fraction of HS fluid, ρ 1 is the density of HS fluid, V 1 is the HS volume; η 2 = ρ 2 V 2 is the packing fraction of HSC fluid, ρ 2 is the density of HSC fluid, V 2 is the HSC volume; Λ 1 , Λ 2 are the HS and HSC fluid thermal wavelengths, respectively; Λ −1 2R is the rotational partition function of a single HSC molecule. 44 We note that the expressions (7)- (8) are written for isotropic case.
The terms p 01 (λ s ) and p 02 (α s , λ s ) are defined by
where η 0 = ρ 0 V 0 is the matrix packing fraction and ρ 0 is the density of matrix particles.
Substituting Eqs. (1)- (6) into Eqs. (7)- (10) and using the generalization of Eq. (8) 
where k 1 and γ 2 are equal to
In Eq.(12) s 1 and τ (f ) are given by
where Ω = (ϑ, ϕ) denotes the orientation of HSC particles and it is defined by the angles ϑ
sin ϑdϑdϕ is the normalized angle element, γ(Ω 1 , Ω 2 ) is an angle between orientation vectors of two molecules, f (Ω) is the singlet orientation distribution function normalized in such a way that
The term p 01 (λ s ) = exp(−βµ 0 1s ) in Eq. (11) is determined by the excess chemical potential,
, of the HS scaled particle confined in an empty matrix. It has the same meaning as the probability to find a cavity inside of a matrix, which is large enough to insert this HS scaled particle. Similarly, the term p 02 (α s , λ s ) = exp(−βµ 0 2s ) in Eq. (12) refers to the HSC scaled particle. For p 01 (λ s ) and p 02 (α s , λ s ) we have the following expressions:
where
In the case of a large scaled particle we can write the excess chemical potential in the form of expression, which follows from the thermodynamic treatment for the work needed to produce a macroscopic cavity inside of a fluid confined in a porous medium. For the large HS scaled particle µ ex 1s (λ s ) is related to the pressure of a HS/HSC mixture P as
where V 1s is the volume of the HS scaled particle. For the large HSC scaled particle with the volume V 2s we have
The multipliers 1/p 01 (λ s ) and 1/p 02 (α s , λ s ) mean that we are dealing with excluded volumes occupied by the matrix particles. They can be considered as the probabilities of finding a cavity produced by, respectively, HS scaled particle and HSC scaled particle in the matrix when the fluid particles are absent. There are two different types of the porosities, which are related directly to these probabilities. The first type corresponds to the case of λ s = 0
and denotes the geometrical porosity
for the scaled HS particle and
for the HSC scaled particle. The geometrical porosity is related to the volume of a void existing between matrix particles and depends only on a structure of matrix. It is important to note that at α s = λ s = 0 the geometrical porosity p 01 (λ s ) = p 02 (α s , λ s ), thus
The second type of porosity called as the probe-particle porosity is determined by the excess chemical potential of fluid particles in the limit of infinite dilution µ 0 α . Consequently, the probe particle porosity depends on the nature of fluid under consideration. Using the SPT theory 45 for the bulk HS/HSC mixture in infinite dilution of corresponding component the probabilities to find HS particle or HSC particle in an empty matrix are respectively
According to the ansatz of the SPT theory, 28,29,32,33,36,37,43 w(λ s ) and w(α s , λ s ) can be presented in the form of the following expansions
The coefficients of these expansions can be obtained from the continuities of µ ex 1s and µ ex 2s , and they correspond to derivatives ∂µ ex 1s /∂λ s , ∂ 2 µ ex 1s /∂λ 2 s at λ s = 0 for a scaled HS particle;
Thus, for a HS scaled particle we have:
at λ s = 0. For a HSC scaled particle we obtain 
The coefficients a 1 , a 2 , b 1 , b 2 define the porous medium structure and can be found from the following expressions:
and
The total chemical potentials for HS and HSC components are respectively
A substitution of Eqs. (30)- (31) in Eqs. (34)- (35) gives us two equations, and each of them contains two unknowns: the chemical potential and the pressure. In the case of onecomponent fluid we can eliminate one of unknowns, βµ 1 (βµ 2 ) or P , from Eq. (34) or Eq. (35) using the Gibbs-Duhem equation. In our particular case the Gibbs-Duhem equation has the following form:
Next we follow 36 and generalize the results for a binary HS/HS mixture to the case of binary HS/HSC mixture. In order to use Eq. (36) and to obtain one equation containing only one unknown instead of Eqs. (34)- (35), we take the derivatives with respect to the total fluid density ρ = 2 α=1 ρ α on the both sides of Eqs. (34)- (35) by keeping the fluid composition unchanged:
Hence, we can write the following
Using Eq. (36) we can not find an expression for the chemical potential of one species from Eqs. (37) and (38) , but the combination of Eqs. (36) and (37)- (38) leads to an expression for the fluid compressibility. Taking into account that
Similarly as it was done for a HS mixture in 36 we integrate Eq.(39) over the total density ρ at the fixed concentration to find the pressure:
The expression (43) is the SPT2 result for the pressure of considered mixture and it has the same form as for the one-component case. 32, 33, 37, 43 The free energy can be obtained by integrating the pressure over the mixture density, and the chemical potentials we derive dy differentiating the free energy with respect to the densities of HS and HSC.
As it was noted in 37 the obtained expression has two divergences appearing in η = φ and η = φ 0 . Since φ < φ 0 the first divergence in η = φ occurs at lower densities than the second one. From geometrical point of view such a divergence should appear at densities corresponding to the maximum value of fluid packing fraction η max , which is available for a fluid in a given matrix and should be higher than φ, i.e. φ < η max < φ 0 . Therefore, for essentially high fluid densities the different corrections and improvements of SPT2 are proposed. 32, 33, 36, 37, 43 In the current study we restrict our consideration to the SPT2b approximation, since for mixtures in a matrix it is the best approximation, in which the SPT2 theory is formulated for this moment.
36

SPT2b approximation for HS/HSC mixture
We follow the scheme proposed in 36 for a HS multi-component mixture in a matrix to derive the pressure and chemical potentials for a binary HS/HSC mixture using the SPT2b approximation. However, according to 36 first we need to obtain the corresponding expressions in the SPT2a approximation. 32 As it was shown in 36,36 the SPT2a approximation can be derived by replacing φ with φ 0 in all terms of the right hand side of Eq. (43). We take the limit φ → φ 0 and in order to remove the singularity we expand φ η ln(1 − η/φ) as the Taylor series around φ 0 . Thus, we obtain βP ρ
From the pressure one can calculate the Helmholtz free energy using the following expression
We carry out the integration of this expression at constant concentrations (x α , α = 1, 2).
Therefore, the final expression for the free energy is
where F id is the Helmholtz free energy of a bulk ideal gas mixture,
Here σ(f (Ω)) is the entropic term and it is defined by
From the Helmholtz free energy one can calculate the total chemical potentials for each of mixture components. Using the relation
for a HS component we obtain
For a HSC component we have the following expression
Now, we take the limit φ → φ 0 in all terms of Eq. (43) except the first term, and as a result, the pressure in the SPT2b approximation is obtained:
Consequently, for the free energy we have
The total chemical potentials for the both of components of a HS/HSC mixture are derived in the SPT2b approximation as well:
In order to obtain the singlet orientation distribution function f (Ω) a minimization of the free energy with respect to variations of f (Ω) should be applied. After taking the corresponding functional derivation we come to the non-linear integral equation:
Carnahan-Starling and Parsons-Lee corrections
In our previous paper 20 the SPT2 approach was applied for the description of a bulk HS/HSC mixture. We found from a comparison of the results obtained from the theory with computer simulations that the accuracy of the description of isotropic-nematic transition in a HS/HSC mixture becomes poor if the length of spherocylinders L 2 is not large enough. Since due to decreasing the length L 2 the region of isotropic-nematic phase transition shifts towards higher densities it is reasonable to assume that the problem of the SPT2 approach with relatively small values of L 2 is related to the accuracy of the SPT theory for higher densities.
As it is known 46 in the SPT for a HS fluid the thermodynamic properties coincide with the results obtained from the analytical solution of the Percus-Yevick integral equation, which is far from perfect at high fluid densities. Therefore, it is necessary to introduce an efficient correction in our formalism. Such a simple correction is the Carnahan-Starling improvement.
47
We propose the Carnahan-Starling correction for the case of a fluid in a matrix and present the equation of state in the following way:
is given by Eq.(56),
is the Carnahan-Starling correction which can be defined as
Carrying out a similar procedure described in the previous section we obtain the following expression for the free energy
where the first term
is given by Eq.(57) and the second one is the following:
Consequently, for the chemical potentials we have
where the first term βµ SP T 2b α is given by Eq.(58) and the second one is
Another point for improvement of the SPT2b theory is related to the expression (60) for the parameter C in the nonlinear equation (59) for the singlet distribution function f (Ω).
The expression (60) for the parameter C has two terms. First of them appearing due to the coefficient a 2 (τ (f )) and the second one comes from the coefficient b 2 (τ (f )) in the expression (57) for the free energy. We propose the analogues for these two terms in the corresponding integral equation for the singlet distribution function from the consideration of the HSC fluid using the Parsons-Lee (PL) approach. 13, 14 It was shown that the first term, which appears from the coefficient a 2 (τ (f )) in the SPT2b approximation and in the PL approach are the same. But there is some difference in the second term. It is easy to show that when we introduce parameter δ as a factor before the term with τ (f ) in the coefficient
it is possible to have practically the same results for the description of isotropic-nematic transition from both the SPT2 and PL approaches. After the generalization of this result for the case of HS/HSC mixture in a HS matrix, we can rewrite the expression for b 2 (τ (f )) in the following form:
Using the Parsons-Lee theory within the framework of Onsager's investigation for sufficiently long HSC particles we derive δ = 3 8 .
14 As a result, we obtain a new expression for C:
Results and discussions
The approach presented in the previous section allows us to describe thermodynamic properties of binary HS/HSC mixtures confined in a disordered porous medium of a HS matrix. It is important to ascertain that this theory can provide correct results for the thermodynamic quantities of considered systems and that it is able to predict accurately the position of I-N transition occurring in a HSC component. Therefore, using the SPT2 approach we have calculated the pressure of HS/HSC mixture P as a function of its packing fraction η. In 
For a HS/HSC mixture confined in the presence of porous medium we can use the Onsager limit and derive the expression for C from (70) in the following form:
It is immediately seen from the equation (72) increases. Similarly the HSC density c 2 is affected by increasing the packing fraction of HS particles η 1 . In the general case when the parameters L 2 and R 2 are finite we can set
where C i and C n are determined from Eq. (70). This approach allows us to estimate the packing fractions of HS/HSC mixture at which the isotropic and nematic phases of HSC component coexist. Using the conditions (73) we solve Eq. (70) with respect to η, where η 2 can be defined through x 1 as
and x 1 is the concentration of HS particles in a HS/HSC mixture and η is the total packing fraction of this mixture. Hence, the packing fractions of isotropic phase η = η i and nematic phase η = η n are calculated for a HS/HSC mixture in the bulk (η 0 = 0) and in a matrix.
In Fig. 2 we present results of the bifurcation analysis for the I-N coexistence curves of a HS/HSC mixture in the x 1 -η plane. We consider two sizes of HSC particles L 2 /D 2 = 5
( Fig. 2, left panel) and L 2 /D 2 = 20 (Fig. 2, right can be related to the statistical error of simulations.
From the qualitative comparison of the coexistence curves shown in Fig. 2 for the bulk and confined HS/HSC mixtures one can notice that the packing fractions of isotropic and nematic phases decrease with increasing the packing fraction of matrix, while the increase of HS concentration leads to increasing of η. This trend is observed from both the bifurcation analysis and simulations. Also the coexistence region is slightly narrower in the case of confined mixture than in the bulk case.
Although the bifurcation analysis gives us a rather good description of the isotropicnematic transition in a certain range of parameters, it remains rather limited, since it is not able to provide the whole phase diagram for a HS/HSC mixture correctly even on a qualitative level. It was shown in 21 that at some concentrations of HS particles the demixing processes occur in the coexisting phases leading to the nematic phase rich in HSC particles and the isotropic phase rich in HS particles. It follows from the conditions of thermodynamic equilibrium, according to which the pressure of HS/HSC mixture P as well as the chemical potentials µ 1 and µ 2 of the both HS and HSC components in the isotropic phase should be the same as in the nematic phase:
where x 1,i and x 1,n are the concentrations of HS particles in the isotropic and nematic phases,
respectively. This set of equations can be solved with respect to η i , η n and x i at the fixed x n . Alternatively, we can fix x i and use x n as a variable. In any case, the calculated packing fractions and concentrations give us the dependencies of η on x 1 in each of the phases, thus the coexistence curves can be plotted in the x 1 -η plane.
Using the expressions for the pressure P and the chemical potentials µ 1 and µ 2 derived by us in this study within the SPT2b-CS approximation (63) and (67) Another effect appears at the point from which the system enters into the demixing regime.
For L 2 /D 2 = 5 the demixing starts at the same HS concentrations. On the contrary, for We should point out one more important effect, which is very specific to systems of particles confined in disordered matrices. Especially, it concerns particles of strongly elongated shape, which cannot be packed efficiently in a disordered medium of matrix. In our case such particles are spherocylinders and the maximum packing fraction of pure HSC particles is limited by the probe-particle porosity φ 2 of the confining matrix (25) . For pure spheres the probe-particle porosity is given by φ 1 (24) , which should be larger than φ 2 . For the HS/HSC mixture we have introduced the quantity φ (42), which is a combination of φ 1 and φ 2 , and now we rewrite the expression (42) in terms of η and x 1 as follows
Using the obtained expression (76) We should note that to the best of our knowledge no simulation data for HS/HSC mixtures in disordered matrices are published for this moment. However, one can find simulations for a pure HSC fluid confined in a matrix presented in. 40 Therefore, in Fig. 6 we make an additional test of our theory by comparing our results with simulations in the case of
As it is seen for L 2 /D 2 = 5 the approach proposed in our study describes well the nematic branch, while it leads to some overestimation for the isotropic curve. Similar tendency have also been observed for a bulk HS/HSC mixture in Fig. 3 , where we compare the I-N coexistence curves with the simulation results of.
19,22
Conclusions
The It is shown that the increase of the packing fraction of matrix particles (decrease of porosity) shifts the region of isotropic-nematic coexistence towards lower packing fraction of a mixture. Simultaneously, this region gets narrower. For the case of long spherocylinders we have observed that the system enters the demixing regime at lower hard sphere concentrations if the packing fraction of matrix higher. We found the existence of boundary η −−φ at which the mixture reaches their maximum of packing fraction η in corresponding matrices. For the binary mixture without matrix it was shown that the phase behaviour predicted from the theory is in a good agreement with existing computer simulations data. 
